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Full-Wave Analysis of Multilayer Coplanar Lines

Chia-Nan Chang, Wen-Chang Chang, and Chun Hsiung Chen

Abstract —A full-wave analysis of a coplanar wave-guiding structure
with multiple dielectric layers is presented. In this study, the results of

the hybrid approach that combines the finite-element method and the
conformal-mapping technique are compared with those of the spectral-
domain approach. Numerical results for effective dielectric constants,
characteristic impedances, current distributions, and field distributions
for various multilayer coplanar line structures are presented and dis-
cussed. Comparisons are also made of the computed results with the
available quasi-static ones.

I. INTRODUCTION

With the increased use of suspended substrate lines and for
special purposes such as protection from mechanical or chemi-

cal damage and the provision of additional means to adjust the

transmission line characteristics, the study of multilayer planar

wave-guiding structures has received the attention of a number

of investigators [1]-[5]. Instead of analyzing the problem directly

in the space domain, most previous work has been carried out in
the spectral domain. Rapidity in obtaining the dispersion char-
acteristics of the lines is an advantage of this technique. How-

ever, it is not so easy to obtain both the field patterns and the
characteristic impedances of multilayer planar wave-guiding
structures because of the complicated mathematical manipula-
tion of the fields from the spectral domain to the space domain.

In a recent investigation, a rigorous hybrid full-wave analysis

of coplanar waveguide is presented [6]. In that work, the infinite

space in the original domain is first mapped into a finite region

in the image domain by the mapping function originally em-
ployed by Wen [7], The transformed variational equation in the

image domain is then solved efficiently by the conventional

finite-element method. In this way, the difficulties associated
with both the infinite space and the field singularity near the
conductor edges can be removed. In this paper, the same hybrid
approach is utilized to study the full-wave characteristics of a
coplanar line structure with multiple dielectric layers. Espe-
cially, the frequency-dependent effective dielectric constants
and characteristic impedances of the multilayer coplanar line
are calculated and compared with available data [4], [5]. Also

investigated are the field distribution along the center line of
the slot- and the current distributions on both the signal strip
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Fig. 1. Geometry of mulilayer coplanar line and original doma,in

(x’> O) in z’ plane.

and the ground plane. Because of a lack of data for compariscms,

the results of this hybrid approach are validated by a compari-

son with those of the spectral-domain approach [5].

II. FORMULATION

Consider an open uniform coplanar line structure with mull i-
ple layers of isotropic and Iossless dielectrics as shown in Fig. 1.
Here a central metal strip (assuming negligible thickness) of

width 2a and two conducting ground planes (also of negligible
thickness) of separation 2b are placed in the plane (y’= 0)
between dielectric layers. Above and below the conductors are n
upper and m lower homogeneous dielectric layers of permittivi-

ties ~k = eo~,k (k = 1,2,. . .,n) and ~k = ●oerk (k= 1,2,. . .,rn),

respectively, The guided modes of this inhomogeneous structure

are in general hybrid; therefore, both the axial components EZ

and Hz are required in the analysis. As far as the fundamental

(Ez even and HZ odd) mode is concerned, it is sufficient to
consider the right half structure with a magnetic wall at x‘ = O.

A. Hybrid (Finite-Element/ Conformal-Mapping) Approach

Following the idea of [6], Wen’s mapping function [7]

z’=asn(z, k) (1)

is used to map the right half plane x’> O (original domain) in

Fig, 1 into a rectangular region (of width 2K(k) and height
K(k’)) in the image domain (Fig, 2), Here, sn(z, k) k the

complex sine elliptic function, K(k) and K(k’) are the complete
elliptic integrals of the first kind and the second kind [8],

k = a/ b~ a~d k‘ = ~’. By this mapping, the transverse

fields (El, H,) are smooth everyw~er~ in the image domain [6],
alt bough the transverse fields (E;, H;) in the original domain
exhibit edge singularity near the conductor edges. Thus the field
singularity difficulty in the original domain may be removed.

The variational formulation for the multilayer coplanar lines
in the image domain (Fig. 1) is the same as [6, eq. (l)], and the

boundary conditions on the electric and magnetic walls are

shown in Fig, 2, The details of the numerical procedures are
given in [6]. -

B. Spectral-Domain Approach

For purposes of cross checking, the new type of
domain approach [9] is also applied to the multilayer

spectral-
coplanar
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Fig. 2. Corresponding image domain in z plane and boundary condi-
tions.
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Fig. 3. Effective dielectric constant versus frequency with ~1 /hl as
parameters (comparison with results of spectral-domain method).

line (Fig. 1), giving an equation of the form

(2)

Here, ~X, ~z, ~X, and ~z denote the Fourier transforms of the x

and z components o! the electric field and the current density,
respectively, while Gij (i, j = x or z) represent the Fourier

transforms -of the associated Green’s functions, The Green’s
functions G,, in the spectral domain are determined by the

transmission-line technique given by Das and Pozar [3]. The
longitudinal component EZ is small compared with the trans-
v~rse one, EX, as suggested by the-hybrid approach in [6]; hence
E= is neglected in (2) and only EX is treated by the Galerkin
method. For a representation of the unknown slot field EX, the
expansion functions proposed by [9] are adopted in this investi-
gation.

111. NUMERICAL RESULTS AND DLSCUSS]ONS

A. Effective Dielectric Constants

In Fig. 3, the frequency-dependent effective dielectric con-

stants, from the hybrid approach, for the two-layer coplanar line
are presented. Also shown, for comparison, are the results of

Fig. 4. Effective dielectric constant versus frequency with hl \ b as
parameters.
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Fig, 5. Effective dielectric constant versus frequency with ~, /h2 as
parameters,

the spectral-domain approach. Excellent agreement is observed,

which confirms the accuracy of the two methods, It is noted that

the increase of the effective dielectric constant is not negligible,
even with the insertion of a thin dielectric film above the
metallic electrodes.

The dispersive effective dielectric constants are shown in Fig.
4, with h, \ b as parameters. In this figure, larger values of
III \ b correspond to narrower widths of both signal strip and
slot, The nearly parallel curves for various h ~\ b values indicate
little influence of an upper dielectric layer on the frequency-
dcpcndcnt behavior of the waveguide.

In Fig. 5, the effects of inserting two dielectric films, one on

the top and the other on the bottom of metallic electrodes, are
presented. The addition of a lower dielectric film between the

metallic clcctrodcs and the substrate causes a decrease of effec-

tive dielectric constants, while the addition of an upper film

muses an increase. Note that the modification of effective
dielectric constants is not negligible, even with the insertion of a
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Fig. 6. Characteristic impedance ZO versus frequency with both a\ b
and ~rl as parameters (comparison with results of quasi-static analysis).
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Fig. 7. Normalized current distributions on both signal strip and
ground plane with frequencies as parameters.

thin dielectric film below the metallic electrodes. Note also that

the impact of the lower dielectric film on the effective dielectric

constant is stronger than that of the upper dielectric film of

equal dielectric constant and equal thickness, as can be seen in

Fig. 5, where both thicknesses are varied simultaneously.

B. Characteristic Impedances

Shown in Fig. 6 are the frequency-dependent characteristic

impedances with both a/b and ~. as parameters. Here the
characteristic impedance is calculated based on the voltage–cur-
rent definition: Ztl = ~,\ I.,, where l-(, denotes the voltage de-
fined along the interface of c,, and ~,1, and I., is the total

longitudinal current on the signal strip [6]. Since the integration
region is finite and the fields are nonsingular in the image

domain, we calculate both quantities in this domain. The in-

crease in strip width causes an increase of line capacitance in
the quasi-static approximation; hence a decrease in charactcris-
tic impedance is observed in this figure. The insertion of an

upper dielectric layer on top of the metallic electrodes cimscs an

increase in the effective dielectric constant and hcncc also a
decrease in the characteristic impedance of the wavcguidc.

The arrows in the left hand side of Fig. 6 indicate the
calculated results of the quasi-static analysis [4]. Agrccmcnt of
the results is observed, with a maximum deviation of 1.5%. The
small variation of the four curves in this figure implies the

Y’(mm)

Fig. 8. Distributions of total electric field along the line x’= 0.5(a + b)
with ;,I as parameters.

validity of the quasi-static analysis at this lower frequency range
of operation.

C. Current Distributions

In Fig. 7, the normalized longitudinal current distributions
Jz(x’)/ JZ(0) on both the signal strip and the ground plane :~re
plotted on a logarithmic scale. As expected, the longitudinal
currents exhibit the edge singularity at points near the conduc-

tor edges. Note that a greater increase of the longitudinal
current occurs at the signal strip edge than that at the groumd
plane edge. Note also the decay of the longitudinal current away

from the ground plane edge. This decay information is useful in

designing the finite-extent ground planes in practice. The calcu-
lated order of JX /Jz on the conductor strip is observed to be

less than 3%.

D. Field Distributions

The calculated normalized transverse field distributions

EX /EX.~,~ over the slot exhibit the same edge singularity as those

of [6, fig. 6] and are not presented here. The nearly frequency-

independent and symmetric distribution of such a normalized

transverse field distribution supports the essential assumption in

the spectral-domain analysis of multilayer coplanar lines [5]. The

ratio EZ /EX at any point over the slot is observed to be smaller

than 0.02, which makes the zero longitudinal field assumption in
the spectral-domain analysis acceptable.

Shown in Fig. 8 are the normalized total electric field distri-

butions along the line x’= 0.5(a + b) of the multilayer coplanar
line. As a result of the continuous normal electric flux density,
the field just near the interface of the smaller permittivity region
is stronger than that in the larger permittivity region. The total
electric field is confined along the y’ axis, as expected, but the
field confinement is not improved by the insertion of an upper

dielectric layer.

IV. CONCLUSIONS

A fttll-wave analysis of mttltilayer coplanar lines, based on
hybrid and spectral-dornain approaches, has been presenl.ed.
Numerical results for cffcctivc dielectric constants, characterist-
ic impcdanccs, current distributions, and field distributions
have been computed and compared with available ones, and
good agrccmcnt has been obtained.
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